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Let P be an n-dimensional, q 1 neighborly simple convex polytope and let M2n(λ) be the
corresponding quasitoric manifold. The manifold depends on a particular map of lattices
λ : Zm → Zn where m is the number of facets of P . In this note we use ESP-sequences in
the sense of Larry Smith to show that the higher derived functors of the primitive element
functor are independent of λ. Coupling this with results that appear in Bousﬁeld (1970)
[3] we are able to enrich the library of nice homology coalgebras by showing that certain
families of quasitoric manifolds are nice, at least rationally, from Bousﬁeld’s perspective.
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1. Introduction
Given an n-dimensional q  1 neighborly simple convex polytope P , there is a family of quasitoric manifolds M that sit
over P . Since the pioneering work of [9] these manifolds have been the focus of much study using various techniques from
Algebraic Topology. In [4,5] the ﬁbration M → BT P → BTn is used to make some homotopy calculations. In [1] techniques
from unstable homotopy theory were used to extend these calculations by computing the higher derived functors of the
primitive element functor of the Borel space, through a range. The combinatorics produced obstructions that prevented
more comprehensive calculations. However, in the range where the obstructions did not appear, explicit co-action formulae
were computed and used to make certain homotopy computations.
Calculations involving the Unstable Adams–Novikov Spectral Sequence (UANSS) become somewhat tractable, although not
easy, when one works with Nice Homology Coalgebras [3]. This is the case because certain higher derived functors of these
coalgebras are the input for a particular Composite Functor Spectral Sequence and if these derived functors vanish, then
there is the possibility of computing differentials and analyzing a particular long exact sequence of E2 terms. Moreover,
the E∞ term of this spectral sequence converges to the E2 term of the UANSS. As another step in the programme to
compute the homotopy groups of quasitoric manifolds, we show that the higher derived functors of the primitive element
* Corresponding author.
E-mail addresses: dallen@iona.edu (D. Allen), jose.laluz1@upr.edu (J. La Luz).0166-8641/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2011.06.054
2104 D. Allen, J. La Luz / Topology and its Applications 158 (2011) 2103–2110functor of a quasitoric manifold are independent of the characteristic map λ. In addition, in dimensions high enough, these
higher derived functors are also independent of the torus action. Furthermore, we observe that many interesting families of
quasitoric manifolds are nice as homology coalgebras.
As a result of the calculations made in this paper, the relationship between Cohen–Macaulay complexes and methods
from unstable homotopy theory are further exposed. In general, the Borel space is not an H-space, yet there are instances
where it is nice as a homology coalgebra; furthermore, it is an inﬁnite complex, yet its primitive dimension is reasonably
controlled in some interesting cases. Finally, we are able to show, at least rationally, that certain families of spaces are nice
as homology coalgebras. For example, this is the case for CPnCPn . There are other lines of inquiry related to this very
speciﬁc class of examples. For instance, determining the precise relationship between complete intersections and the higher
derived functors of the primitive element functor could provide interesting information. There are examples and ample
evidence to conjecture that these algebraic invariants are obstructions to certain Algebraic Geometric Constructions.
The paper is set up as follows. In Section 2, the terminology from Toric Topology is discussed. In Section 3 the main
deﬁnitions from unstable homotopy theory are listed and in Section 4 the main results are proven.
2. Toric topology
In this section we will highlight some well-known constructions in Toric Topology. Some excellent references for this
material would include the conference proceedings [7] and [5].
For the applications needed in this paper, it is assumed that P is a simple, q  1 neighborly convex polytope, with m
facets F1, . . . , Fm . Furthermore, Tn will denote the n-dimensional topological torus and BTn its classifying space.
Using the perspective of derived forms the notion of a quasitoric manifold and related spaces can be described. In fact, de-
rived forms are formulated in a much more general setting, where sets more general than polyhedra are used [7]. Following
Buschstaber and Ray’s exposition, there is a map
P λ−→ T (Tn)
where T (Tn) is the lattice of subtori of the torus ordered by inclusion and the topological structure is induced from the
lower limit topology. λ sends q ∈ P to a certain subtorus, λ(q). The derived space is by deﬁnition the following quotient
space
D(λ) = (Tn × P)/ ∼
where (g,q) ∼ (h,q) if and only if g−1h ∈ λ(q). It can be shown that ∼ is an equivalence relation. The elements in D(λ)
are equivalence classes [g,q] for which there is a canonical action of the torus on D(λ) via multiplication on the ﬁrst
coordinate. The orbit space of this action is P ; using the atlas {Uv } given by [5, p. 63, construction 5.8], it can be shown
that the torus action is locally standard [9, p. 420] (here locally standard is referred to as locally isomorphic to the standard
representation).
To obtain a quasitoric manifold (or toric manifold in the language of [9]), one must impose conditions on λ and a smooth
structure on D(λ), cf. [9]. First, λ associates a circle to the interior of a facet. Hence, if F j is a facet, then Tλ(F j) is a circle.
For additional details, see p. 64, (5.3) [5]. Second, if F is a codimension k face, that is, the intersection of k facets, then the
torus subgroup associated to it is the product of those coordinate tori coming from each of the facets whose intersection is
the face F . More succinctly, the following map is an isomorphism:
im
∏
1 jm
Tλ(F j) −→ T (F )
Finally, it is required that the Ker of λ partitions P by the interior of the faces. By a quasitoric manifold M2n(λ) one means
the derived space D(λ) where λ is subject to the conditions described above.
Remark. Davis and Januszkiewicz [9] refer to the subgroup GF of the lattice Zm “determined by Tn and λ”, cf., p. 423, 1.5. It
is instructive to elucidate how this lattice subgroup depends on the characteristic map. Recall, λ determines a map between
integer lattices Zm → Zn . Note that this map is also referred to as “lambda” in many research articles. To each facet F j of P ,
one associates a certain circle subgroup, say Tλ(F j). In [5] these subtori were made explicit, see p. 64, (5.3). Each such torus
subgroup gives rise to a facet vector λi j ∈ Zn , for 1 i  n, 1 j m. These vectors are indexed by the facets and from this
and the discussion above, a function can be deﬁned from the set of facets of P , , to the integer lattice whose dimension
depends on the dimension of P . This is how the characteristic function  → Zn is obtained and by a simple identiﬁcation,
the function Zm → Zn can be derived. By condition (∗) in [9], one requires that the free Z-module spanned by those facet
vectors coming from the subtori that are the images of those facets whose intersection is the appropriate face of P , be a
direct summand of Zn . Davis and Januszkiewicz [9] refer to such modules as unimodular.
Notational convention: Throughout the paper the dimension of a quasitoric manifold maybe dropped as well as any
reference to λ when the context is clear. For example, we may write M instead of M2n(λ). In addition, if M is a quasitoric
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also adopted in [7]).
Examples of quasitoric manifolds would include the following: CPn with orbit n . Buchstaber and Ray [6] show that the
2n-dimensional manifold – Bn of all bounded ﬂags in Cn+1 is a quasitoric manifold over In . Buchstaber and Ray [6] show
that C PnC Pn is a quasitoric manifold over 1 × n−1 by deﬁning a connect sum operation on the level of the polytopes.
Orlik and Raymond [11] classiﬁed four-dimensional quasitoric manifolds that sit over polygons and showed that they are
connect sum of the Hirzebruch surface with connect sums of CP2.
Given a set X endowed with an action of a group G , the Borel Construction can be used to replace the orbit space X/G ,
by a space EG ×G X that is homotopy equivalent to the orbit, the latter ﬁtting into a ﬁbration. In the case of a quasitoric
manifold M , we have the following.
Deﬁnition 2.1. Let M be a quasitoric manifold. The Borel space BT M is the identiﬁcation space
ETn × M/ ∼= ETn ×Tn M
where the equivalence relation is deﬁned by: (e, x) ∼ (eg, g−1x) for any e ∈ ETn and x ∈ M , g ∈ Tn .
Notational convention: Sometimes the notation BT P appears in the literature instead of BT M . The orbit of the Tn-action
on a quasitoric manifold M can be identiﬁed with P , this should give some insight into the notational convention. When
the context is clear, the notation BT P will be used instead of BT M .
The following ﬁbration is well documented and known to researchers throughout the community [4,5,9]:
M2n(λ) −→ BT P −→ BTn
The face ring is an invariant that will be useful in the sections that follow. Recall,
Deﬁnition 2.2. Let F1, . . . , Fm be the facets of P . For a ﬁxed commutative ring R with unit we have
R(P ) = R[v1, . . . , vm]/I = (vi1 · · · vik |Fi1 ∩ · · · ∩ Fik = ∅)
where |vi | = 2 are indexed by the facets and the ideal I is generated by square free monomials coming from trivial inter-
section of facets.
If P = ∂2, then Z(P ) = Z[v1, v2, v3]/(v1v2v3). Sometimes we refer to R(P ) as the Stanley–Reisner algebra and I the
Stanley–Reisner ideal.
It is shown in [9] that H∗(BT P ) ∼= Z(P ) and that the Borel Construction is a contravariant functor from the category of
simplicial complexes to the category of homotopy types of spaces, see pp. 436 and 437.
3. Higher derived functors of the primitive element functor
Let S denote the category of coassociative, cocommutative, cofree coalgebras without counit over a ring R . We use
cosimplicial methods as described in [3] to describe the higher derived functors of the primitive element functor Ri P . For
any coalgebra C , let S(C) be the cofree, cocommutative, coalgebra functor with counit over R deﬁned in [3]. We can use
this functor to obtain a cosimplicial resolution for C
S(C)
d0
d1 S2(C)
d0
d1
d2
· · ·
Apply the primitive functor P to the cosimplicial resolution above and take homology to obtain Ri P (C). These are the
higher derived functors of the primitive element functor. For additional details the reader can refer to [3]. We make the
following notational convention. If A+ is a coalgebra, then by A we mean its dual algebra.
An injective extension sequence [3] is a sequence of maps in S:
C+1
f +−−→ C+2
g+−−→ C+3
such that
(1) g+ is an epimorphism,
(2) f + is an inclusion,
(3) C+2 is injective as a C
+
1 comodule,
(4) C+1 = C+2 C+3 R .
In other words C+1 → C+2 → C+3 is in some sense a short exact sequence in S . Sometimes it is easier to work with the
dual. S∗ is the category whose objects are algebras A dual to coalgebras A+ as above.
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C3
g−→ C2 f−→ C1
such that
(1) g is an injection,
(2) f is a surjection,
(3) C is projective as a C3-module,
(4) C1 = C2 ⊗C3 R .
We state one of the key results of [3].
Theorem 3.2. Let
C+1
f +−−→ C+2
g+−−→ C+3
be an injective extension sequence in S. There is a long exact sequence of abelian groups:
0→ P(C+1
)→ P(C+2
)→ P(C+′3
)→ ·· ·
→ Ri P(C+1
)→ Ri P(C+2
)→ Ri P(C+3
)→ ·· ·
We say a coalgebra C is nice if Ri PC = 0 for i > 1 and cofree if Ri PC = 0 for i > 0. If C is the coalgebra of a Hopf algebra,
then C is nice. The dual of a free algebra modulo a Borel ideal is nice and any coalgebra that can be decomposed as the
tensor product of nice homology coalgebras is itself nice [3].
4. Toric geometry and higher derived functors
There are ﬁbrations that relate a quasitoric manifold M , the Borel space BT P (recall, by BT P , we mean the space
ETn ×Tn M) and other spaces that appear in Toric Topology, such as the moment angle complex Z P [9]. One such ﬁbration
is the following [5]:
M
ρ−→ BT P ρ0−−→ BTn
We state the following lemma whose proof we omit.
Lemma 4.1. The map ρ induces a surjective homomorphism
H∗(BT P ;Q) ρ
∗
H∗(M;Q)
Q[v1, . . . , vm]/I Q[v1, . . . , vm]/I + J
where the ideal J is generated by the linear forms λi , and ρ∗ is the projection.
It is well known that the induced map ρ∗ in ordinary cohomology is an epimorphism and the kernel is generated by
elements whose image in the face ring, Z(P ) form a degree two regular sequence [9]. It is necessary to review certain
notions from commutative algebra described in [12]. In this review, we work over a ﬁeld k and all modules are of ﬁnite
type. However, in practice, k = Q. In this discussion, R is a graded, connected commutative algebra over k.
From [12] we recall a few deﬁnitions. A sequence of elements y1, . . . , yn, . . . in R is called an ESP-sequence, if
y j+1 is not a zero divisor in R/(y1, . . . , y j) for each j. Re-visiting Smith’s exposition, suppose we are given elements
a1, . . . ,ak, . . . in R . Let P [a1, . . . ,ak, . . .] be the polynomial algebra on the ai where |ai | = |ai |. There is a canonical map
P [a1, . . . ,ak, . . .] → R that sends ai to ai . Furthermore, the elements a1, . . . ,ak, . . . in R are algebraically independent if the
map P [a1, . . . ,ak, . . .] → R is a monomorphism.
We also have the following from [12].
Proposition 4.2. If a1, . . . ,an, . . . ∈ R is an ESP-sequence, then a1, . . . ,an, . . . are algebraically independent.
The following statements from [12] will be useful in what follows.
Proposition 4.3. The following statements are equivalent.
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(2) R is a free R[a1, . . . ,ak, . . .] module.
At this juncture, it is necessary to apply a theorem of [9] pertaining to certain orbihedrons. This is critical in our analysis
because to evoke Smith’s machinery in a way that will allow statements about the higher derived functors of the primitive
element functor to be made, we must ensure that the degree of each liner form must be even. Furthermore, this will give an
explicit relation between the polynomial algebra R[a1, . . . ,ak, . . .] and a certain free algebra which will become important
shortly.
Theorem 4.4. Suppose that K is an (n − 1)-dimensional Cohen–Macaulay complex over Q, that P is its dual and that (λ1, . . . , λn) is
a sequence of elements in H2(BT P ;Q). The following statements are equivalent.
(1) (λ1, . . . , λn) is a regular sequence for the face ring Q(K ).
(2) Up to homothety, λ is a characteristic function of a toric orbihedron Q 2n.
If any of the conditions in Theorem 4.4 holds, then the Serre Spectral Sequence of the ﬁbration M → BT P → BTn where
M is a toric orbihedron collapses as long as the coeﬃcients are rational. It is a fact that every quasitoric manifold, in our
sense, is a toric orbihedron [9], implying that one has an ESP-sequence in the sense of [12] in the rational face ring. We are
ready to state and prove the main theorem.
Theorem 4.5. Suppose M1 and M2 are two quasitoric manifolds for a given simple convex polytope Pn, then Rk P H∗(M1;Q) ∼=
Rk P H∗(M2;Q) for k > 1.
Proof. Suppose we have two quasitoric manifolds M1 and M2 with ﬁxed orbit space an n-dimensional simple convex
polytope Pn such that M1 = M2. Furthermore, let λi for i = 1,2 be their respective characteristic functions. M1 and M2
are toric orbifolds (Theorem 4.4). Hence, the rational face ring Q(K ) admits a regular sequence λi1, . . . , λ
i
n . By the remark
above we have a surjection ρ∗ : H∗(BT Pn;Q) → H∗(Mi;Q) of graded rings for each i. However, these are Q-algebras. By
the above, we have the following sequence for each quasitoric manifold Mi
Q
[
λ i1, . . . , λ
i
n
] φi−−→ H∗(BT Pn;Q
) ρ∗i−−→ H∗(Mi;Q)
where φi(λ ij) = λij . The map φi is a monomorphism since λi1, . . . , λin is an ESP-sequence for each i; hence, these elements
are algebraically independent. By Proposition 4.3, the rational face ring, H∗(BT Pn;Q) is a free Q[λ i1, . . . , λ in]-module. It
remains to show that the sequence above is a short exact sequence of Q-algebras. The sequence of elements λij lies in the
kernel of ρ∗i , since ρ
∗
i is the projection and recall that they are precisely the image of the λ
i
j under φi . On the other hand,
let J i be an ideal of the rational face ring generated by λi1, . . . , λ
i
n . We obtain kerρ
∗
i ⊂ imφi , by appealing, once again, to
the fact that ρ∗i is the projection onto the quotient ring. As a result, there are two projective extension sequences A and B:
A : Q[λ11 , . . . , λ1n
] φ1−−→ H∗(BT Pn;Q
) ρ∗1−−→ H∗(M1;Q)
and
B : Q[λ21 , . . . , λ2n
] φ2−−→ H∗(BT Pn;Q
) ρ∗2−−→ H∗(M2;Q)
Note that the symbol + denotes the dual coalgebra; more explicitly, the homology coalgebra in the sense of [3] with
rational coeﬃcients. Since the algebras are of ﬁnite type, then H∗(Mi;Q)+ = H∗(Mi,Q) and H∗(BT Pn;Q)+ = H∗(BT Pn;Q).
Each of the sequences above, A and B , dualizes to injective extension sequences A+ and B+:
A+ : H∗(M1;Q)+ ρ
+
1−−→ H∗(BT Pn;Q
)+ φ+1−−→ Q[λ11 , . . . , λ1n
]+
and the other is:
B+ : H∗(M2;Q)+ ρ
+
2−−→ H∗(BT Pn;Q
)+ φ+2−−→ Q[λ21 , . . . , λ2n
]+
Resulting in induced long exact sequences of the higher derived functors of the primitive element functor P [3]:
0−→ P H∗(M1;Q)+ −→ P H∗
(
BT P
n;Q)+
−→ PQ[λ11 , . . . , λ1n
]+ −→ R1P H∗(M1;Q)+ −→ · · ·
Similarly, there is an induced long exact sequence:
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(
BT P
n;Q)+
−→ PQ[λ21 , . . . , λ2n
]+ −→ R1P H∗(M2;Q)+ −→ · · ·
Observe that the rational face ring and its dual coalgebra are ﬁxed in both sequences. We assert that the following
isomorphism is obtained for k > 1:
Rk P H∗(M1;Q)+ ∼= Rk P H∗(M2;Q)+
To see this recall that a coalgebra dual to a free algebra is cofree, hence its higher derived functors of the primitive
element functor vanish for i > 0. The coalgebra Q[λ i1, . . . , λ in]+ is cofree for i = 1,2; hence its higher derived functors
vanish [3]. For illustrative purposes, another portion of the induced long exact sequence of higher derived functors of the
primitive element functor is made explicit to illuminate the ﬁnal step in the proof:
· · · R1PQ[λ i1, . . . , λ in]+ R2P H∗(Mi;Q)+ R2P H∗(BT Pn;Q)+ R2PQ[λ i1, . . . , λ in]+ · · ·
· · · 0 R2P H∗(Mi;Q)+ R2P H∗(BT Pn;Q)+ 0 · · ·
Hence, for k > 1 we obtain the following isomorphisms
Rk P H∗(M1;Q)+ ∼= Rk P H∗
(
BT P
n;Q)+ ∼= Rk P H∗(M2;Q)+
This completes the proof. 
Rationally speaking, the higher derived functors of the primitive element functor of a quasitoric manifold M are inde-
pendent of λ, which of course depends on a particular choice of section from the orbit space to the manifold. Furthermore,
the torus action on the quasitoric manifold gives rise to circle subgroups that act as the stabilizers when the action is
restricted to the submanifolds that sit over the facets. After certain identiﬁcations, the facet vectors that depend on these
circle subgroups are used in the deﬁnition of the linear forms λi that appeared in [9, p. 438]. It is interesting to observe
that the torus action is essential in producing the ESP-sequence, in the language of [12].
It would be very interesting to determine the precise relationship between the higher derived functors of the primitive
element functor of a quasitoric manifold and the underlying geometry. For example, to what extent does the existence of
these higher derived functors measure the failure of a variety from being a complete intersection? Moreover, how does the
underlying geometry ﬁt into these calculations?
Deﬁnition 4.6. A quasitoric manifold M is rationally nice if the primitive dimension of H∗(M;Q)+ is less than two.
This deﬁnition can be formulated for toric spaces and it is possible to replace the coeﬃcients with a suitable theory, al-
though that line of inquiry will not be explored in this paper. A quasitoric manifold M , whose cohomology ring is H∗(M;Q),
is referred to as rational. The next proposition gives a suﬃcient condition for the vanishing of the higher derived functors
for any quasitoric manifold over a ﬁxed polytope P .
Proposition 4.7. Suppose M and N are rational quasitoric manifolds over a ﬁxed P . If N is rationally nice, then M is rationally nice.
Proof. If N is rationally nice, then Ri P H∗(N;Q)+ = 0 for i > 1. Let M be any other quasitoric manifold in the same family.
By Theorem 4.5 Ri P H∗(M;Q)+ ∼= Ri P H∗(N;Q)+ for i > 1. Hence, the second derived functors are isomorphic, implying
that the second derived functor of the primitive element functor of H∗(M;Q)+ vanishes. By [3] this is suﬃcient to show
that the coalgebra H∗(M;Q)+ is rationally nice. 
If one quasitoric manifold is rationally nice, then we obtain a vanishing line in the Composite Functor Spectral Sequence
for all the manifolds in the family. We observe that the additional structure offered by the Toric Geometry allows for certain
computations to be made without explicitly referring to cosimplicial resolutions. The combinatorial type of P gives, in
certain cases, a useful description of the quasitoric manifold from the higher derived functor perspective. For example, in
the case of the square, one of the quasitoric manifolds is a product of spheres, which is known to be nice from Bousﬁeld’s
perspective. It is useful to note that the vanishing of these higher derived functors comes from the geometry and the work
of [2].
The next lemma describes how the notion of nice homology coalgebra behaves with respect to products. The general
argument is given in [3].
Lemma 4.8. If M1 and M2 are two rationally nice quasitoric manifolds over P1 and P2 , then M1 × M2 is a rationally nice quasitoric
manifold over P1 × P2 .
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Using Lemma 4.8 and a simple induction argument, one can show that if M1, . . . ,Mn are rationally nice quasitoric
manifolds, then the product,
∏n
i=1 Mi is a rationally nice quasitoric manifold as well. These observations hold not only for
the rationals, but for a ﬁeld in general; and for certain rings not needed in the sequel.
Corollary 4.9. Any quasitoric manifold M over In is rationally nice.
Proof. 1 is combinatorially equivalent to I implying that the n-dimensional cube is combinatorially equivalent to an n fold
product of one simplicies. This implies that
∏
n S
2 is a quasitoric manifold over the n-dimensional cube. Furthermore, S2 is
nice [2]. Hence, by Lemma 4.8,
∏
n S
2 is rationally nice. Final appeal to Theorem 4.5 gives the result. 
It is interesting to observe that the Borel space is an inﬁnite complex yet its higher derived functors of the primitives
vanish in many interesting cases. By similar reasoning we deduce the following:
Corollary 4.10. If M is a rationally nice quastoric manifold over a product of simplicies, then every quastoric manifold in the family is
rationally nice.
Unfortunately, we cannot use inductive arguments to make statements concerning iterated connected sums. For example,
if P , Q are polytopes such that MP ,MQ are rationally nice, then it does not follow that MP MQ where  denotes the
connect sum, is rationally nice. This can be seen by considering the connect sum of the square with the standard two
simplex, which of course, is the pentagon. The Borel space BT P is not nice.
We assert that CPnCPn is a rationally nice quasitoric manifold. However, the following lemma is necessary.
Lemma 4.11. For n 1, CPn is a rationally nice quasitoric manifold.
Proof. For n = 1, the two sphere is known to be a nice homology coalgebra without restricting attention to the rationals [2].
It is known that H∗(CPn) ∼= Q[x]/(xn+1) where |x| = 2. Consider the map of Q-algebras
Q[x] π−→ Q[x]/(xn+1)
where, |x| = 2 and π is the projection. Since Q[x] is a free algebra, the element xn+1 is an ESP-sequence in a trivial sense
[12]. Hence, we have the polynomial algebra P [a2n+2] where the subscript denotes the degree. Consider the following
sequence:
Q[a2n+2] ι−→ Q[x] π−→ Q[x]/
(
xn+1
)
where ι(a2n+2) = xn+1, π is the projection and the term Q[a2n+2] is the free algebra coming from the polynomial algebra.
This sequence is a short exact sequence and the map ι is a monomorphism since xn+1 is an ESP-sequence and is an
algebraically independent element. By Proposition 4.3 Q[x] is a free Q[a2n+2]-module. Therefore,
Q[a2n+2] ι−→ Q[x] π−→ Q[x]/
(
xn+1
)
is a projective extension sequence. To complete the proof we observe that
Q[x]/(xn+1)+ π+−−→ Q[x]+ ι+−−→ Q[a2n+2]+
is an injective extension sequence. Since Q[a2n+2]+ and Q[x]+ are cofree as coalgebras we obtain a long exact sequence of
higher derived functors of the primitive element functor. The portion of interest is the following
· · · R1PQ[a2n+2]+ R2PQ[x]/(xn+1)+ R2PQ[x]+ · · ·
· · · 0 R2PQ[x]/(xn+1)+ 0 · · ·
Hence, R2PQ[x]/(xn+1)+ = 0. Therefore, Q[x]/(xn+1)+ is nice as a coalgebra. 
Proposition 4.12. For n 1, CPnCPn is a rationally nice quasitoric manifold.
Proof. Recall, nn is combinatorially equivalent to the polytope 1 × n−1 [6]. Hence, the face ring of the connect sum
is isomorphic to the tensor product of the face rings H∗(BT1;Q) and H∗(BTn−1;Q). Furthermore, S2 × CPn−1 is a
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above we obtain the following isomorphisms for i > 1:
Ri P H∗
(
CPnCPn;Q)∼= Ri P H∗
(
BT
(
nn
);Q)∼= Ri P H∗
(
BT
(
1 × n−1);Q)
In addition, there are isomorphisms
Ri P H∗
(
BT
(
1 × n−1);Q)∼= Ri P H∗
(
S2 × CPn−1;Q)
∼= Ri P H∗
(
S2;Q)⊕ Ri P H∗
(
CPn−1;Q)
The last isomorphism comes from combining a Kunneth theorem with the fact that the higher derived functors of the
primitive element functor take tensor products to direct sums. Observe that the two sphere is nice as a homology coalgebra
in the sense of [3]. The proof follows by ﬁnal appeal to Lemma 4.11 and [2]. 
By an argument similar to the one used in the proof of Proposition 4.12 one can deduce that other interesting collections
of quasitoric manifolds are rationally nice. First, we need a key deﬁnition from [5].
Recall the deﬁnition of a bounded ﬂag manifold from [5, p. 72]. A bounded ﬂag in Cn+1 is a complete ﬂag U = {U1 ⊂
U2 ⊂ · · · ⊂ Un+1 = Cn+1}. For each k, 2 k n, Uk contains the coordinate subspace spanned by the ﬁrst k−1 basis vectors
in Ck−1. It was shown in [6] that Bn – the 2n-dimensional manifold of all bounded ﬂags in Cn+1 is a quasitoric manifold
with orbit space In .
Example 4.13. For 0 i  j there is a manifold Bi, j that consists of pairs (U ,W ) where U is a bounded ﬂag as above and
W is a line in U⊥ ⊕ C j−1. Buchstaber and Ray [6] show that Bi, j is a quasitoric manifold with orbit space I i ×  j−1. The
Bi, j are rationally nice.
Example 4.14. The 2n-dimensional manifold of all bounded ﬂags in Cn+1 is a rationally nice quasitoric manifold.
We recall the deﬁnition of Bott Towers from [10]. A Bott Tower of height n is a sequence of manifolds (B2k: k  n) such
that B2 = CP1 and B2k = P (l⊕ ζk−1) for 1 k n. Here l is a trivial line bundle, ζk−1 is a complex line bundle over B2(k−1)
and P (−) is the projectivization. Bott Towers are quasitoric manifolds with n-dimensional cubes as orbit spaces.
Example 4.15. Bott Towers are rationally nice quasitoric manifolds.
We pose the following questions.
Problem 4.16. Given a simple convex polytope P , compute Ri P E∗(Z P ).
It is well known that there is a ﬁbration Tm−n → Z P → M . The authors do not know of a ﬁber type lemma for Ri P E∗(−)
and it appears that proving one exists would be a very challenging problem.
Problem 4.17. Precisely what is the relationship between Ri P E∗(M) and Ri P E∗(Z P ) for an orientable theory?
Bott Towers are an essential ingredient in tackling certain cohomological rigidity problems studied by Masuda and his
collaborators [8]. It might be interesting to uncover the precise relationship between the higher derived functors of the
primitive element functor and cohomological rigidity, in its most general sense.
Problem 4.18. Are Ri P H ∗ (M;Q) algebraic obstructions to certain cohomological rigidity problems? If so, can this particular
class of polytopes be classiﬁed?
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